Abstract: This paper concerns a set-point control for a folded posture of a 3-link gymnastic planar robot moving in the vertical plane with the first joint being passive and the others being active. To realize the goal posture of the kip motion of a gymnast on the high bar, the control objective is to drive the robot from any arbitrary initial state to any arbitrarily small neighborhood of the up-down-down equilibrium point and then balance the robot about that point, where the first link is in the upright position and the second and third links are in the downward position. This paper uses the energy-based control approach and the notion of virtual composite link to design a controller and provides a global motion analysis of the robot. This paper shows that the control toward such a folded posture is different from the swing-up control problem, for which all three links are fully stretched out in the upright position at the goal posture. A new result of this paper is that in addition to some conditions on the control parameters, a constraint on the mechanical parameters of the robot is needed for achieving the set-point control of the folded posture. The simulation results for two 3-link robots are provided to validate the effectiveness of the proposed control law and the necessity of the constraint.
INTRODUCTION
One of the important control problems for underactuated robots with passive joint(s) is the set-point control (regulation or stabilization) of a desired equilibrium point of the robots, that is, to find a feedback control law that makes the desired equilibrium point asymptotically stable (De Luca et al. (2001) ). Many researchers studied a particular problem of the set-point control called the swing-up control for planar robots with passive joint(s) moving in the vertical plane, see e.g., Furuta et al. (1991) ; Spong (1995) ; Fantoni et al. (2000) ; Kolesnichenko and Shiriaev (2002) . Indeed, the swing-up control is to drive the robot to a small neighborhood of the upright equilibrium point and then balance it about that point, where all links are in the upright position.
The set-point control for underactuated robots is much more complex than implied in the studies of the swing-up control, and is still open in the general case. To show such a complexity, we study how to control some underactuated planar robots toward a folded posture (equilibrium configuration), at which two links of the robots are folded.
An example of such a posture is the goal posture of the kip motion of a gymnast on a high bar, where the upper limb and the trunk of the gymnast are folded. Note that the kip motion is a basic element performed on the high bar, in which the gymnast jumps to the bar, swings his legs forward and brings his legs up to the bar and lifts his body up to the bar.
There are some fundamental differences between the control of a fully stretched posture and that of a folded posture. For an underactuated planar robot subject to gravity, it is generally believed that the Jacobian (tangent) linearization of the state-space equation of the robot around an equilibrium point is controllable, which is usually called linearly controllable (Kang et al. (2003) ). However, regarding a typical example of 2-link underactuated planar robots called the Acrobot (with a passive first joint and an active second joint), we show in this paper that while the upright equilibrium point (the two links are in the upright position) is always linearly controllable, the up-down equilibrium point (links 1 and 2 are in the up and down positions, respectively) is not necessarily linearly controllable unless a constraint on the mechanical parameters of the Acrobot is satisfied. This paper studies the set-point control for a folded posture of a 3-link gymnastic planar robot moving in a vertical plane with its first joint being passive and the second and third joints being active, which is called as PAA robot below. The control objective is to drive the robot from arbitrary initial state to any small neighborhood of the UDD (up-down-down) equilibrium point, where the first link is in the upright position and the second and third links are in the downward position. This corresponds to the goal posture of the kip motion of a gymnast on the high bar.
We investigate whether we can extend the energy-based control approach developed in Fantoni et al. (2000) ; Kolesnichenko and Shiriaev (2002) and the notion of virtual composite link (VCL) in Xin and Kaneda (2007) for the swing-up control problem to such a folded posture control problem. By treating the links 2 and 3 of the robot as a VCL and using it, we design a controller. Moreover, to obtain a global motion analysis of the robot, we clarify the structures of the closed-loop equilibrium configurations by iteratively studying 2 robots of the Acrobot type rather than directly studying the PAA robot.
Different from the swing-up control problem in Xin and Kaneda (2007) , a new result of this paper is that in addition to some conditions on control parameters, a constraint on the mechanical parameters of the robot is needed for achieving the set-point control of the folded posture. The proposed constraint corresponds to the linear controllability of a robot of the Acrobot type at the updown equilibrium point, which is degenerated from the PAA robot with the angle between its links 2 and 3 being controlled to be a constant identically. The simulation results for two 3-link robots are provided to validate the theoretical results.
PRELIMINARY KNOWLEDGES AND PROBLEM FORMULATION

Model of the PAA Robot
Consider the PAA robot shown in Fig. 1 , where for the ith (i = 1, 2, 3) link, l i is its length and l ci is the distance from the joint i to its center of mass (COM), and J i is the moment of inertia around its COM.
The motion equation of the PAA robot is:
where M (q) ∈ R 3×3 is the symmetric positive definite inertia matrix, H ∈ R 3 contains Coriolis and centrifugal terms, G ∈ R 3 contains gravitational terms, and τ = [ τ 2 , τ 3 ] T ∈ R 2 is the input torque vector produced by two actuators at the active joints 2 and 3, and
See Xin and Kaneda (2007) for the details of M (q), H(q,q), and G(q) containing the following parameters: 
where g is the acceleration of gravity. The energy of the PAA robot is expressed as
where the potential energy P (q) is set as
Set-Point Control for Folded Posture
Consider the following UDD equilibrium point:
Letting E r be the energy of the PAA robot at the UDD equilibrium point yields
For E(q,q),q a , and q a , if one can design τ such that lim
where
T , we will show in Section 4 that the PAA robot can be driven to any arbitrarily small neighborhood of the UDD equilibrium point.
Virtually Composite Link
For the PAA robot, we treat its links 2 and 3 as a VCL shown in Fig. 2 , where the VCL starts from the joint 2, and the COM of the VCL is the same as the joint COM of links 2 and 3. Let q 2 be the angle of the VCL with respect to link 1, and let θ(q 3 ) be the angle of the VCL with respect to link 2, shown in Fig. 2 . We obtain q 2 = q 2 +θ(q 3 ), where θ(q 3 ) satisfies θ(0) = 0 and
Define q a = [ q 2 , q 3 ] T . The transformation from q a to q a is where
Linear Controllability at Folded Posture
Let us consider the Acrobot (2-link case) in this section, which can be treated as a special case of 3-link case with all quantities related to link 3 in Fig. 1 being empty. Define
We give the following lemma.
Lemma 1. The linearized model of the Acrobot around the upright equilibrium point is controllable; while the linearized model of the Acrobot around the up-down equilibrium point is controllable if and only if
We recall the following result in Xin and Guo (2009) .
Lemma 2. For the Acrobot satisfying
and τ 2 (t) ≡ τ * 2 with q * 2 and τ * 2 being constant, theṅ
where " ≡ " means that the equation holds for all time t.
To drive the PAA robot close to the UDD equilibrium point, we need a constraint on the PAA robot similar to the constraint δ = 0 on the Acrobot.
CONTROLLER DESIGN
We take the following Lyapunov function candidate:
where e =q a −q ar is used. Taking the time-derivative of V along the trajectories of (1), and usingĖ =q T a τ and usingq
holds for some constant k V > 0, then we havė
From (1) and q a = B T q, we obtain
where (20) where I 2 denotes a 2 × 2 identity matrix. Therefore, when |Λ(q,q)| = 0, for ∀q, ∀q
holds, the following controller obtained from (19) has no singular points for any (q,q):
We present the following lemma. Lemma 3. Consider the closed-loop system consisting of (1) and (22). Suppose that k D > 0, k P > 0, and k V > 0.
Then the controller (22) has no singular points for any (q, q) if and only if
where λ max (A) denotes the maximal eigenvalue of A,
In this case,
where V * , E * , q * a , and q * a are constants. Moreover, as t → ∞, every closed-loop solution, (q(t),q(t)), approaches the invariant set
MOTION ANALYSIS
Since lim t→∞ V = 0 is equivalent to (8), we analyze two cases of V * = 0 and V * = 0, separately.
Constraint on Mechanical Parameters
For the case of V * = 0, substituting E ≡ E * and q a ≡ q * a into (17) yields
This with V * = 0 shows that E * = E r and τ is a constant vector τ * satisfying the following equation:
between links 2 and 3. Thus, as shown in Fig. 3 , we consider the PAA robot as an equivalent 2-link robot which has the following five parameters corresponding to (13). Since q * 2 = q * 2 + θ(q * 3 ) is constant, according to Lemma 2, q 1 (t) is constant in the invariant set W if
where Γ, Ξ, and Λ are the following constants determined by the mechanical parameters of the robot:
Thus, (32) is equivalent to
Note that the constraint (34) on the mechanical parameters of the robot corresponds to the linear controllability of the PAA robot with the relative angle between links 2 and 3 being constant for all time, and it can be easily checked via a numerical computation.
Assume that (34) holds. Then, from Lemma 2, we know that q 1 (t) is a constant, which is denoted as q * 1 , in the invariant set W . Thus, substitutingq = 0,q = 0, q = q
T , and τ = τ * into (1), we obtain
and τ * = B T G(q * ). Thus, as t → ∞, (q(t),q(t)) approaches the following equilibrium set Ω = {(q * , 0) | q * satisfies (35) and (36)}.
Now, for the case of V * = 0, from (16) and (10), we have E * = E r and q * a = q ar . Using q * 3 = q 3 = 0 yields q * 2 = q 2 = π and q * a = q ar . From (5), we obtainq
Therefore, the closed-loop solution (q(t),q(t)) approaches the following invariant set as t → ∞:
Since (38) is a homoclinic orbit converging to the equilibrium point (q 1 ,q 1 ) = (π/2, 0) as t → ∞, the PAA robot can enter any arbitrarily small neighborhood of the UDD equilibrium point.
We present the following lemma. 
where W r is defined in (39), and Ω is the set of equilibrium points defined in (37).
Conditions on Control Parameters
The set Ω contains at least one element of the DUU (down-up-up) equilibrium point for any given k P , that is, (q 1 , q 2 , q 3 ,q 1 ,q 2 ,q 3 ) = (−π, π, 0, 0, 0, 0). We present a condition on k P such that Ω contains only the DUU equilibrium point. Define
where Φ(y, z) = β 2 1 + β 2 2 (z) + 2β 1 β 2 (z) cos y and β 2 (z) = β 2 2 + β 2 3 + 2β 2 β 3 cos z. We present a main result of this paper.
Theorem 1. Consider the PAA robot given in (1). Assume that the mechanical parameters of the PAA robot satisfy (34) and E
then under the controller (22), as t → ∞, the closed-loop solution (q(t),q(t)) approaches
where W r is defined in (39) . Moreover, the DUU equilibrium point in (44) is unstable in the closed-loop system.
We give the following remark. Remark 1. To drive the PAA robot toward the UDD equilibrium point, we assume that the mechanical parameters of the robot satisfy (34); however, there exists no constraint on the mechanical parameters for swinging up the PAA robot to the upright equilibrium point at which the potential energy is highest. From a numerical example in next section, we can see that for a robot which does not satisfy the constraint (34), we fail to drive the robot toward the UDD equilibrium point.
NUMERICAL SIMULATION RESULTS
We validate the theoretical results in this paper via two numerical examples. Here we took g = 9.81 m/s 2 . Table 1 gives the parameters of the 3-link model in Suzuki et al. (1996) , where the kip motion of a human gymnast was experimentally analyzed. For this 3-link robot, a numerical computation shows that 0 < f (z) < 1 holds and thus f (z) = 1 in (34) holds. We verified numerically that the UDD equilibrium point of this robot is linearly controllable. For this robot, the necessary and sufficient condition for avoiding the singular points given in (23) is k D > 4503. The condition (43) on k P is k P > max(15863, 3591), respectively.
Example 1: Satisfaction of Constraint (34)
We took an initial condition of q 1 (0) = −π, q 2 (0) = q 3 (0) = 0, andq 1 (0) =q 2 (0) =q 3 (0) = 0, which is the downward equilibrium point. The simulation results under the controller (22) From Fig. 4 , we observe that V and E − E r converged to zero. From Fig. 5 , we see that the link 1 was driven close to the upright position, and q 2 and q 3 converged to π and 0, respectively. These figures show that the case of V * = 0, rather than the case of V * = 0, occurred, and show that the closed-loop solution (q,q) approached W r defined in (39). There existed a sequence of times for which the PAA robot approached the UDD equilibrium point. These simulation results validated our results in Theorem 1. From Fig. 6 , we observe that as a whole the magnitude of |τ 2 (t)| was greater than that of |τ 3 (t)| in this simulation. When the robot entered into a prescribed neighborhood of the UDD equilibrium point, we switched the set-point controller (22) to a locally stabilizing controller. The time responses of q and τ of the controller (22) and a LQR controller are omitted due to the page limitation.
Example 2: Dissatisfaction of Constraint (34)
Consider the following 3-link robot with its mechanical parameters shown in Table 2 . We verified numerically that the UDD equilibrium point of this robot is linearly controllable. However, regarding to (34), we found that (34) does not hold since f (z) = 1 at z = 0 and z = 2π. This means that a 2-link robot, which is degenerated from this PAA robot with the relative angle between links 2 and 3 being 0 constantly, is not linearly controllable at its up-down equilibrium point. From our simulation, we found that the PAA robot can not be driven close to UDD equilibrium point.
For this robot, the necessary and sufficient condition for avoiding the singular points given in (23) is k D > 30.31. Next, the condition (43) on k P is k P > max(87.73, 23.06), respectively. We took an initial condition of q 1 (0) = −5π/6, q 2 (0) = 0, q 3 (0) = π/6, andq 1 (0) =q 2 (0) = q 3 (0) = 0, we chose k D = 31, k P = 90, and k V = 90.
The simulation results under controller (22) with the above control parameters are depicted in Figs. 7-8. From Fig. 7 , we observe that neither V nor E − E r converged to zero. From Fig. 8 , although q 2 and q 3 converged to π and 0, respectively, the link 1 was not driven close to the upright position (q 1 = 0). These show that V * = 0 occurred with q 1 (t) being not a constant and the controller failed to drive the PAA robot close to the UDD equilibrium point. 
CONCLUSION
This paper studied a set-point control for a folded posture of a 3-link gymnastic planar robot moving in the vertical plane with the first joint being passive and the others being active. The control objective is to drive the robot from any arbitrary initial state to any arbitrarily small neighborhood of the UDD equilibrium point and then balance the robot about that point, which corresponds to the goal posture of the kip motion of a gymnast on the high bar. We used the energy-based control approach and the notion of VCL to design a controller and provided a global motion analysis of the robot. We showed that the control toward such a folded posture is different from the well-known swing-up control problem, for which three links are fully stretched out in the upright position at the goal posture. In fact, a new result of this paper is that in addition to some conditions on control parameters, a constraint on the mechanical parameters of the robot is needed for achieving the set-point control of the folded posture. The simulation results for two 3-link robots were provided to validate the effectiveness of the presented control law and the necessity of the constraint.
This paper provided some insight into the difficulty and complexity of controlling different equilibrium configurations of multi-degree-of-freedom underactuated mechanical systems, and justified the variety of approaches taken by researchers in order to solve their control problems on a case-by-case basis.
